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THE C∗-ALGEBRA OF THE CARTAN MOTION GROUPS
REGEIBA HEDI AND RAHALI AYMEN
Abstract. Let G0 = K⋉ p be the Cartan motion groups. Under some
assumption on G0, we describe the C
∗-algebra C∗(G0) of G0 in terms
of operator fields.
1. Introduction
Let G be a locally compact group. We denote by Ĝ the unitary dual
of G. It well-known that Ĝ equipped with the Fell topology (see [18, 19]).
The first representation-theoretic question concerning the group G is the
full parametrezation and topological identification of the dual Ĝ. The C∗-
algebra C∗(G) is the completion of the convolution algebra L1(G) equipped
with the C∗-norm ‖.‖C∗(G), given by
‖f‖C∗(G) := sup
pi∈Ĝ
‖π(f)‖op.
We denote by Ĉ∗(G) the unitary dual of the C∗-algebra of G. Then we have
the following bijection
Ĉ∗(G) ≃ Ĝ.
Furthermore, the C∗-algebra C∗(G) of G can be identified with a subalgebra
of the large C∗-algebra ℓ∞(Ĝ) of bounded operator fields given by
ℓ
∞(Ĝ) :=
{
F : Ĝ −→
⋃
pi∈Ĝ
B(Hpi), π 7−→ F (π) ∈ B(Hpi); ‖F‖∞ := sup
pi∈Ĝ
‖F (π)‖op <∞
}
under the Fourier transform F defined on C∗(G) as follows:
F(f)(π) = π(f), π ∈ Ĝ, f ∈ C∗(G).
Using the fact that F is an injective homomorphism of C∗(G) into ℓ∞(Ĝ),
then the C∗-algebra C∗(G) is isomorphic to a subalgebra D := F(C∗(G))
of elements in ℓ∞(Ĝ) verifying some conditions. The elements of D must
naturally fulfil is that of continuity. Then the parametrization and the
descreption of the topology of Ĝ are required to describe the C∗-algebra
C∗(G) of G.
In this context, we have some works in the literature , for example, J. Ludwig
and L. Turowska have described in [16] the C∗-algebra of the Heisenberg
group and of the thread-like Lie groups in terms of an algebra of operator
fields defined over their dual spaces. The descreption of the C∗-algebra of
the Euclidean motion group Mn := SO(n) ⋉ R
n, n ∈ N∗ was established
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in [1]. In the present work, we give a similar precise descreption of the
C∗-algebra of the Cartan motion groups. Our result is a generalization of
analogous results in the case of the Euclidean motion group (see [1]).
The paper is organized as follows. In section 2, we introduce the groupsG0 =
K⋉p, the semi-direct product of the maximal compact connected subgroup
K of same connected semisimple Lie group with finite center G, acting by
adjoint action on p (where p determined by the Cartan decomposition of
Lie algebra of the group G). We recall the topology of the spectrum of the
groups G0 and we determine the convergence in Ĝ0. In the last section, we
determine the Fourier transform of their group C∗-algebras and we describe
the elements of the image of the Fourier transform of C∗(G0) inside the big
algebra ℓ∞(Ĝ0). This is the main result of the paper
2. The Cartan motion groups G0.
Let G be a connected semisimple Lie group with finite center and K a
maximal compact connected subgroup of G. Let g = k ⊕ p be the corre-
sponding Cartan decomposition of the Lie algebra g of G with k := Lie(K).
Then one can form the semidirect product G0 := K ⋉ p with respect to the
adjoint action of K on p. The group G0 is called the Cartan motion group
associated to the Riemannian symmetric pair (G,K). The multiplication in
this group is given by
(k1,X1) · (k2,X2) = (k1k2,X1 +Ad(k1)X2), (k1, k2) ∈ K, (X1,X2) ∈ p.
The group Mn = SO(n) ⋉ R
n is an example of Cartan motion groups.
More precisely, Mn is the Cartan motion group associated to the compact
Riemannian symmetric pair (SO(n+ 1), SO(n)).
Let now a be a maximal abelian subspace of p. The dimension of the real
vector space a is called the rank of the Riemannian symmetric pair (G,K).
An important fact worth mentioning here is that every adjoint orbit of K
in p intersects a (see [9] p. 247 ). Let NK(a) and ZK(a) denote respectively
the normalizer and centralizer of a in K. The quotient group
W := NK(a)/ZK(a)
is called the Weyl group of the pair (G,K). We shall denote the action of
W on a by H 7−→ s.H for H ∈ a and s ∈ W . Let us take the subspaces
a˜ := ia, p˜ := ip and g˜ := k⊕ p˜ of the complexification gC of g. An element
H ∈ a is called regular if α(H) 6= 0 for all α ∈ Σ where Σ is the set of all
restricted roots associated to the pair (g, a). A connected component of the
set of regular elements in a is called a Weyl chamber of the pair (G,K).
Endow the dual space a˜∗ with a lexicographic ordering and denote by Σ+
the set of positive restricted roots. As an example of Weyl chambers, let us
set C+(a) := i C˜+(a˜) with
C˜+(a˜) = {H˜ ∈ a˜; α(H˜) > 0, ∀α ∈ Σ+}.
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It is well-known that every s ∈ W permutes the Weyl chambers and that
W acts simply transitively on the set of Weyl chambers. Furthermore, we
have the following important result (see [9], p. 322):
Proposition 2.1. Let C ⊂ a be a Weyl chamber. Each orbit of W in a
intersects the closure C in exactly one point.
We shall briefly review the description of the unitary dual of G0 via
Mackey’s little group theory. Let ϕ be a non-zero linear form on p. We de-
note by χϕ the unitary character of the vector Lie group p given by χϕ = e
iϕ.
Let Kϕ be the stabilizer of ϕ under the coadjoint action of K on p
∗, and let
ρ be an irreducible unitary representation of Kϕ on some Hilbert space Hρ.
The map
ρ⊗ χϕ : (k,X) 7−→ eiϕ(X)ρ(k)
is a representation of the semidirect product Kϕ ⋉ p, which we may induce
up so as to obtain a unitary representation of G0. Let L
2
ρ(K,Hρ) be the
subspace of L2(K,Hρ) consisting of the maps f which satisfy the covariance
condition
f(kk0) = ρ(k
−1
0 )f(k)
for k0 ∈ Kϕ and k ∈ K. The induced representation
π(ρ,ϕ) := Ind
G0
Kϕ⋉p
(ρ⊗ χϕ)
is realized on Hρ,ϕ := L2ρ(K,Hρ) by
π(ρ,ϕ)(k0,X)f(k) = e
iϕ(Ad(k−1)X)f(k−10 k),
where (k0,X) ∈ G0, f ∈ L2ρ(K,Hρ) and k ∈ K. Mackey’s theory tells us
that the representation π(ρ,ϕ) is irreducible and that every infinite dimen-
sional irreducible unitary representation of G0 is equivalent to some π(ρ,ϕ).
Furthermore, two representations π(ρ,ϕ) and π(ρ ′ ,ϕ ′) are equivalent if and
only if ϕ and ϕ
′
lie in the same coadjoint orbit of K and the representations
ρ and ρ
′
are equivalent under the identification of the conjugate subgroups
Kϕ and Kϕ ′ . In this way, we obtain all irreducible representations of G0
which are not trivial on the normal subgroup p. On the other hand, every
irreducible unitary representation τ of K extends trivially to an irreducible
representation, also denoted by τ , of G0 by τ(k,X) := τ(k) for k ∈ K and
X ∈ p.
Next, we shall provide a more precise description of the so-called “generic
irreducible unitary representations” of G0. Denote again by 〈 , 〉 the restric-
tion to p × p of the Ad(K)-invariant scalar product 〈 , 〉 on g0. Let a be a
maximal abelian subspace of p, and let M be the centralizer of A = exp
G
(a)
in K. In general, the compact Lie group M is not connected, and one can
prove that M =Me · (M ∩A) with Me being the identity component of M .
A proof of the following well-known result can be found in [10].
4 REGEIBA HEDI AND RAHALI AYMEN
Lemma 2.2. Let C ⊂ a be a Weyl chamber. Every adjoint orbit of K in p
intersects the closure C in exactly one point.
We conclude that every infinite dimensional unitary representation of G0
has the form π(ρ,ϕ
H
), where H is a non-zero vector in C+(a) and ϕH is the
linear form on p given by ϕ
H
(X) = 〈H,X〉. Observe that the isotropy group
Kϕ
H
coincides with the centralizer ZK(H). Let us fix a regular element H
in a. The subgroups Kϕ
H
and M of K are identical. If ρ is an irreducible
representation of M , then the representation π(ρ,ϕ
H
) corresponding to the
pair (ρ, ϕ
H
) is said to be generic. We denote by Γ0 the set of all equivalence
classes of generic irreducible unitary representations of G0. Notice that Γ0
has full Plancherel measure in the unitary dual Ĝ0. Applying Mackey’s
analysis and the result of Lemma 2.3, we obtain the bijection
Γ0 ≃ M̂ × C+(a).
Note that when the Riemannian symmetric pair (G,K) has rank one, we
can find a unit vector H0 ∈ a such that C+(a) = R∗+H0. In this case we
have the bijections
Γ0 ≃ M̂ × R∗+ and Ĝ0 ≃ Γ0 ⊔ Γ2
where Γ2 := K̂. Now, we define the subset Γ1 ⊂ Ĝ0 as follows
Γ1 :=
{
π(µ,H) = Ind
K⋉p
KϕH⋉p
(ρ⊗ χϕH ), ρ ∈ K̂ϕH , H ∈ ∂(C+(a))\{0}
}
where ∂(C+(a)) is the boundary of C+(a). According to Mackey’s theory,
we obtain the following parametrization as sets
Ĝ0 ≃ Γ0 ⊔ Γ1 ⊔ Γ2.
We denote by z the orthogonal complement of a in p (p = a ⊕ z). Let
Λ : a −→ C be a real linear function. Also we denote by Λ the extension of
Λ to p so that z ⊆ Ker(Λ), and let ρ ∈ K̂Λ. We denote by π := π(ρ,Λ) the
representation of G0 induced from
KΛ ⋉ p −→ L(Eρ)
(k,X) 7−→ e
√−1Λ(X)ρ(k).
Now, we describe the Fell topology on Ĝ0. For β1, β2 ∈ a∗ (the dual vector
space of a), define
|β1 +
√−1β2|2 = B(β1, β1) +B(β2, β2)
where B is the Cartan-Killing form on g0. Let Fc be the set of all pairs
(ρ,Λ) where ρ ∈ K̂Λ. We take (ρ,Λ) ∈ Fc, if ε > 0 is sufficiently small then
|Λ− Λ′ | < ε implies KΛ′ ⊆ KΛ. So the subset
U :=
{
(ρ
′
,Λ
′
) ∈ Fc : |Λ− Λ′ | < ε and [ρ
∣∣
K
Λ
′
: ρ
′
] > 0
}
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([ρ
∣∣
K
Λ
′
: ρ
′
] is the multiplicity of ρ
′
in ρ
∣∣
KΛ
) defines a basis for the neigh-
borhoods of (ρ,Λ) in the topology we give Fc (see [13]). Note that W acts
on Fc by
w.(ρ,Λ) = (w.ρ,w.Λ).
Let Fc/W be the quotient space by this action of W, equipped with the
quotient topology. Now, let
F :=
{
(ρ,Λ) ∈ Fc : Λ =
√−1β where β is real valued
}
.
According to [13], then we have the useful Lemma.
Lemma 2.3. The unitary dual Ĝ0 of G0 is homeomorphic to F/W.
In the remainder of this paper, we shall assume that the stabilizer Kϕ
is connected for each ϕ ∈ p∗. Let ρµ be an irreducible representation of
KH with highest weight µ. For simplicity, we shall write π(µ,H) and H(µ,H)
instead of π(ρµ,ϕH ) and Hρµ,ϕH respectively. We have:
Proposition 2.4. Let (π(µn,Hn))n be a sequence in Γ0. Then we have:
(1) The sequence (π(µn,Hn))n converges to π(µ,H) in Γ0 if and only if
(Hn)n converges to H and µ
n = µ for n large enough.
(2) The sequence (π(µn,Hn))n converges to π(µ,H) in Γ1 if and only if
(Hn)n converges to H and [ρµ
∣∣
M
: ρµn ] > 0 for n large enough.
(3) The sequence (π(µn,Hn))n converges to τλ in Γ2 if and only if (Hn)n
converges to 0 and [τλ
∣∣
M
: ρµn ] > 0 for n large enough.
Proof. By Lemma 2.3, we show that the map
F/W −→ Ĝ0
(ρ,Λ) 7−→ π(ρ,Λ)
is a homeomorphism (see [13]). Let H be a non-zero vector in C+(a) and
ΛH is the linear form on a given by
ΛH(X) =
√−1〈H,X〉 ∀X ∈ a.
For simplicity, we shall write KH instead of KΛH . Now, we assume that
(Hn)n∈I converges to H and [ρµ
∣∣
KHn
: ρµn ] > 0 for n large enough. This
is equivalent that the net (ρµn ,ΛHn)n∈I converges to (ρµ,ΛH) in F/W. In
view of the continuity of the map F/W ∋ (ρ,Λ) 7−→ π(ρ,Λ) ∈ Ĝ0, we easily
see that (π(µn,Hn))n converges to π(µ,H) in Ĝ0.
Conversely, assume that the net (π(µn,Hn))n∈I converges to π(µ,H) in Ĝ0.
Then the net ((ρµn ,ΛHn))n∈I converges to (ρµ,ΛH) in F/W. Recall that the
set
V :=
{
(ρ
′
,Λ
′
) ∈ Fc : |ΛH − Λ′ | < ε and [ρµ
∣∣
K
Λ
′
: ρ
′
] > 0
}
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defines a basis for the neighborhoods of (ρµ,ΛH). Hence for each ε > 0,
there exists n0 ∈ I such that
∀n ≥ n0, (ρµn ,ΛHn) ∈ V.
i.e.; ∀n ≥ n0, we have
|ΛHn − ΛH | < ε
and
[ρµ
∣∣
KHn
: ρµn ] > 0.
Then we obtain the following
Hn −→ H
and
[ρµ
∣∣
KHn
: ρµn ] > 0.
for n large enough. Notice that for H,Hn ∈ C+(a), KH = KHn = M and
we get
[ρµ
∣∣
KHn
: ρµn ] > 0⇐⇒ [ρµ
∣∣
M
: ρµn ] > 0
for n large enough, which is equivalent to µn = µ for n large enough. This
completes the proof of the Proposition. 
Proposition 2.5. Let (π(µn,Hn))n be a sequence in Γ1. Then we have:
(1) The sequence (π(µn,Hn))n converges to π(µ,H) in Γ1 if and only if
(Hn)n converges to H and [ρµ
∣∣
KHn
: ρµn ] > 0 for n large enough.
(2) The sequence (π(µn,Hn))n converges to τλ in Γ2 if and only if (Hn)n
converges to 0 and [τλ
∣∣
KHn
: ρµn ] > 0 for n large enough.
Proof. Applying the same arguments as in the proof of Proposition 2.4.

Of course K̂ has the discrete topology.
Let C∗(G0) denote the full C∗-algebra of G0. We denote by C0(K̂) the
Banach algebra of all operator fields
F : K̂ −→
⋃
pi∈K̂
B(Hpi),
such that F (π) ∈ B(Hpi) for each irreducible unitary representation π of K
and such that limpi−→∞ ‖F (π)‖op = 0. This algebra is equipped with the
norm ‖F‖∞ = suppi∈K̂ ‖F (π)‖op, F ∈ C0(K̂). Its well-known that the C∗-
algebra C∗(K) of K is isomorphic to C0(K̂) (see, [1]).
In the sequel, we describe the elements of the image of the Fourier transform
of C∗(G0) inside the big algebra ℓ∞(Ĝ0).
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Definition 2.6. Let (µ,H) ∈ Γ0 ⊔ Γ1 and let ρµ ∈ K̂H . We define the
representation πµ,0 of G0 by
πµ,0 := Ind
G0
KH⋉p
(ρµ ⊗ 1)
and let Hµ,0 be its Hilbert space. By the Frobenius reciprocity, we obtain
πµ,0 =
⊕̂
λ≥µτλ
where λ ≥ µ means that τλ ∈ IndKKH (ρµ).
3. The C∗-algebra of the group G0.
3.1. The Fourier transform. Now, let f ∈ L1(G0), h ∈ K and Ψ ∈ Hµ,H ,
then we can give the expression of the operator π(µ,H)(f) by the following
equality
π(µ,H)(f)Ψ(h) =
∫
G0
f(k,X)π(µ,H)(k,X)Ψ(h)dkdX
=
∫
K
∫
p
f(k,X)Ψ(k−1h)ei〈Ad(h
−1)X,H〉dkdX
=
∫
K
f̂2(hk−1, Ad(h)H)Ψ(k)dk
=
∫
K/KH
∫
KH
f̂2(hs−1k−1, Ad(h)H)ρµ(s−1)(Ψ(k))dsdk.
Then
π(µ,H)(f)Ψ(h) =
∫
K/KH
fµ,H(h, k)(Ψ(k))dk,(3.1)
here f̂2 denotes the partial Fourier transform of f in the second variable
and where
fµ,H : K ×K −→ B(Hρµ)
(h, k) 7−→
∫
KH
f̂2(hsk−1, Ad(h)H)ρµ(s)ds.
Definition 3.1. Let
C0,2(G0) :=
{
f ∈ L1(G0)| f̂2 ∈ C0(K × p)
}
.
This space C0,2(G0) is dense in L
1(G0) and hence also in C
∗(G0).
Definition 3.2. For each f ∈ C∗(G0), the Fourier transform F(f) of f is
an isometric homomorphism on C∗(G0) into ℓ∞(Ĝ0) which is given by
F(f)(µ,H) = π(µ,H)(f) ∈ B(Hµ,H), (µ,H) ∈ Γ0 ⊔ Γ1,
F(f)(λ) = τλ(f) ∈ B(Hλ)∀λ ∈ Γ2.
In the following Proposition, we give a description of elements F(f) for
each f ∈ C∗(G0).
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Proposition 3.3. Let f ∈ C∗(G0). Then we have:
(1) For every (µ,H) ∈ Γ0⊔Γ1, F(µ,H) is a compact operator on Hµ,H .
(2) The mapping
Ĝ0 −→ B(Hpiγ)
γ 7−→ F(f)(γ)
are norm continuous on the difference sets Γi, i = 0, 1, 2..
(3) lim
|µ|−→+∞
‖F(f)(µ,H)‖op = 0 .
(4) lim
H−→0
‖π(µ,H)(f)− πµ,0(f)‖op = 0.
Proof. Let f ∈ C0,2(G0)
(1) We have the following bound for the kernel functions fµ,H where
(µ,H) ∈ Γ0 ∪ Γ1
||fµ,H(h, k)||op ≤
∣∣∣∣
∣∣∣∣
∫
KH
f̂2(hsk−1, Ad(h)H)ρµ(s)ds
∣∣∣∣
∣∣∣∣
op
≤
∫
KH
|f̂2(hsk−1, Ad(h)H)| ||ρµ(s)||op ds
≤
∫
KH
|f̂2(hsk−1, Ad(h)H)|ds
≤ ‖f̂2‖∞(3.2)
Since the dimension of the representation ρµ of KH is finite (denote
by dµ ), it follows that the norme ‖ · ‖op and ‖ · ‖H.S on the space
Hρµ are equivalent and
‖fµ,H(h, k)‖H.S ≤
√
dµ‖fµ,H(h, k)‖op, h, k ∈ K.
Then by (3.2) the operator π(µ,H)(f) is Hilbert-Schmidt and its
Hilbert-Schmidt norm is given by
‖π(µ,H)(f)‖2H.S =
∫
K/KH
∫
K/KH
‖fµ,H(h, k)‖2H.Sdhdk
≤ dµ‖f̂2‖2∞(3.3)
(2) Let (µ,Hn)n∈N be a sequence converges to (µ,H) in Γ0. Using now
(3.1), we obtain
‖πµ,Hn(f)− π(µ,H)(f)‖2H.S
=
∫
K/KH
∫
K/KH
‖fµ,Hn(h, k) − fµ,H(h, k)‖2H.Sdhdk
≤ dµ
∫
K/KH
∫
K/KH
‖fµ,Hn(h, k) − fµ,H(h, k)‖2opdhdk
≤ dµ
∫
K/KH
∫
K/KH
(∫
K
|f̂2(hsk−1, Ad(h)Hn)− f̂2(hsk−1, Ad(h)H)|2ds
)
dhdk,
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For f ∈ C0,2(G0) we have
lim
n→∞|f̂
2(hsk−1, Ad(h)Hn)− f̂2(hsk−1, Ad(h)H)| = 0.
Hence
lim
n→∞‖π(µ,Hn)(f)− π(µ,H)(f)‖H.S = 0.
Let now (µ,Hn)n∈N be a sequence converges to (µ,H) in Γ1. We
have for ξ ∈ L2(K/KH , µ)
‖(π(µ,Hn)(f)− π(µ,H)(f))ξ‖22 =
∫
K
∣∣∣∣
∣∣∣∣
∫
K
(fµ,Hn(h, k) − fµ,H(h, k)) (ξ(k))dk
∣∣∣∣
∣∣∣∣2
Hµ
dk
≤ sup
k∈K
(∫
K
‖fµ,Hn(h, k) − fµ,H(h, k)‖opdh
) 1
2
×sup
h∈K
(∫
K
‖fµ,Hn(h, k) − fµ,H(h, k)‖opdk
) 1
2
‖ξ‖2,
since the function (k, h, s,H) 7−→ |f̂2(hsk−1, Ad(h)Hn)−f̂2(hsk−1, Ad(h)H)|
converges uniformly to 0 as n tends to ∞, since
‖fµ,Hn(h, k) − fµ,H(h, k)‖op
= ‖
∫
KHn
f̂2(hsk−1, Ad(h)Hn)ρµ(s)ds−
∫
KH
f̂2(hsk−1, Ad(h)H)ρµ(s)ds‖op
≤ ‖
∫
KHn
f̂2(hsk−1, Ad(h)Hn)ρµ(s)ds−
∫
KHn
f̂2(hsk−1, Ad(h)H)ρµ(s)ds‖op
+ ‖
∫
KHn
f̂2(hsk−1, Ad(h)H)ρµ(s)ds −
∫
KH
f̂2(hsk−1, Ad(h)H)ρµ(s)ds‖op
≤
∫
KH
|f̂2(hsk−1, Ad(h)Hn)− f̂2(hsk−1, Ad(h)H)|ds
+
∫
K
|f̂2(hsk−1, Ad(h)H)||1KHn (s)− 1KH (s)|ds
we see therefore that
lim
n→∞‖π(µ,Hn)(f)− π(µ,H)(f)‖op = 0
uniformly in µ.
(3) It remains for us to prove that lim
|µ|→∞
‖π(µ,H)(f)‖H.S = 0. This is
equivalent to show that
lim
|µ|→∞
‖fµ,H(k, h)‖H.S = 0 for all k, h ∈ K.
Recall that
fµ,H(h, k) =
∫
KH
f̂2(hsk−1, Ad(h)H)ρµ(s)ds.
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Let
ϕh,kH (s) = f̂
2(hsk−1, Ad(h)H), s ∈ KH .
So,
fµ,H(h, k) = ρµ(ϕ
h,k
H ).
Using now the Plancherel formula, we get
‖ϕh,kH ‖2L2(KH) =
∑
µ∈K̂H
dµ‖ρµ(ϕh,kH )‖2H.S .
Therefore
lim
|µ|→∞
‖fµ,H(h, k)‖H.S = lim|µ|→∞‖ρµ(ϕ
h,k
H )‖H.S = 0.
(4) From (3.1) we have for µ ∈ K̂H and ξ ∈ L2(K/KH , µ)
‖(π(µ,H)(f)− πµ,0(f))ξ‖22 =
∫
K
∣∣∣∣
∣∣∣∣
∫
K
(fµ,H(h, k)− fµ,0(h, k)) (ξ(k))dk
∣∣∣∣
∣∣∣∣2
Hµ
dk
≤ sup
k∈K
(∫
K
‖fµ,H(h, k) − fµ,0(h, k)‖opdh
) 1
2
×sup
h∈K
(∫
K
‖fµ,H(h, k) − fµ,0(h, k)‖opdk
) 1
2
‖ξ‖2,
where
fµ,0 : K ×K −→ B(Hµ)
(h, k) 7→ ∫KH f̂2(hsk−1, 0)ρµ(s)ds
Since the function (k, h, s,H) −→ |f̂2(hsk−1, Ad(h)H)−f̂2(hsk−1, 0)|
converges uniformly to 0 as H tends to 0 since
‖fµ,H(h, k) − fµ,0(h, k)‖op = ‖
∫
KH
(f̂2(hsk−1, Ad(h)H) − f̂2(hsk−1, 0))ρµ(s)ds‖op
≤
∫
KH
|f̂2(hsk−1, Ad(h)H) − f̂2(hsk−1, 0)|ds
we see therefore that
lim
H→0
‖π(µ,H)(f)− πµ,0(f)‖op = 0
uniformly in µ.
The proposition follows now from the density of C0,2(G0) in C
∗(G0). 
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3.2. A C∗-condition.
Definition 3.4. For an operator field F ∈ ℓ∞(Ĝ0), let
F (µ, 0) :=
⊕
λ≥µ
F (λ) ∈ B

⊕
λ≥µ
Hµ

 .
We have
‖F (µ, 0)‖op = sup
λ≥µ
‖F (λ)‖op.
Definition 3.5. Let D be the familly consisting of all operator fields F ∈
ℓ∞(Ĝ0) satisfying the following conditions:
(1) F (µ,H) is a compact operator on Hµ,H for every (µ,H) ∈ Γ0 ⊔ Γ1.
(2) The mapping Ĝ0 −→ B(Hµ,H) : (µ,H) 7−→ F (µ,H) are norm con-
tinuous on the difference sets Γi, i = 0, 1, 2.
(3) lim
|µ|→∞
‖F (µ,H)‖op = 0.
(4) lim
H→0
‖F (µ,H) − F (µ, 0)‖op = 0 uniformly in µ ∈ KH .
(5) lim
|λ|→∞
‖F (λ)‖op = 0.
Definition 3.6. Let
D0 = {F ∈ D; F (λ) = 0for all λ ∈ K̂}.
Remark 3.7. According to Proposition 4.7 in [1] the unitary dual D̂0 is in
bijection with the parameter space Γ0 ∪ Γ1.
Theorem 3.8. D is a C∗-algebra for the norm ‖ · ‖op, which is isomorphic
to the C∗-algebra of Cartan motion groups under the Fourier transform.
Proof. First we show that D is a C∗-algebra. It is clear that D is an in-
volutive sub-algebra of ℓ∞(Ĝ0). The conditions (1), (2), (3) et (5) are
evidently true for every F ∈ D. For the condition (4), let (Fk)k ⊂ D such
that lim
k→∞
‖Fk − F‖∞ = 0. We have then lim
H→0
‖Fk(µ,H) − Fk(µ, 0)‖op = 0
uniformly in µ, since for any ε > 0 there exists k0 such that such that
‖F − Fk‖∞ < ε for any k ≥ k0. Then ‖Fk0(µ,H) − Fk0(µ, 0)‖op < ε uni-
formly in µ. Hence
‖F (µ,H) − F (µ, 0)‖op
≤ ‖F (µ,H) − Fk0(µ,H)‖op + ‖Fk0(µ,H)− Fk0(µ, 0)‖op + ‖Fk0(µ, 0) − F (µ, 0)‖op
≤ 3ε.
Then F ∈ D.
Second, we have the quotient space D/D0 is isomorphic to C∗(K), indeed,
let
δ : D −→ C∗(K)
F 7→ (F (λ))
λ∈K̂
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We have ker(δ) = D0. Since D contains the algebra F(C∗(G0)) the image of
δ contains the image of the Fourier transform of C∗(K). Then δ is surjective.
In addition D is a type I algebra and Ĝ0 is in bijection with D̂, indeed we
have Ĝ0 ⊂ D̂. Moreover for every for every irreducible representation π ∈ D̂,
we have either π|D0 6= {0}, and then π = π(µ,H) since D0 is closed ideal of
D and D̂0 = Γ0
⋃
Γ1 or π ∈ D̂/D0 and π ∈ Γ2. Hence π ∈ Ĝ0 and Ĝ0 = D̂
as sets.
Thanks to Stone-Weierstrass’s theorem we have the identity D = F(C∗(G0)).

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